We investigate several norm inequalities equivalent to the Heinz inequality and discuss the equivalence relations among these norm inequalities. Here we shall show an elementary and simplified proof to the famous Heinz inequality.
Introduction
A capital letter denotes a bounded linear operator on a Hilbert space. In 1951 Heinz [7] proved a series of very useful norm inequalities that are closely related to the Cordes inequality [3, 4] and the Furuta inequality [5] . In particular, inequality (1) in Theorem 1 is said to be the Heinz inequality, which is one of the most essential inequalities in operator theory. Its original proof in [7] , however, is based on the complex analysis theory and is somewhat complicated. Here we shall show an elementary and simplified proof of the famous Heinz inequality.
We are inspired by inequality (4) in Theorem 1 by Corach, Porta, and Recht [2] , which is a key factor in their study of differential geometry; we received our initiation and the means to give an elementary proof to the Heinz inequality by reading and scrutinizing [2] . Also we cannot but emphasize the importance of [8] by Mcintosh, since we think that it is not widely known.
In this paper, we shall investigate several norm inequalities equivalent to Heinz inequality and also, by elementary calculations, we shall show that they are mutually equivalent. Consequently, we can give an elementary proof to the Heinz inequality.
Equivalence among norm inequalities
First we show the following result. Theorem 1. The following norm inequalities (1), (2), (3), (4), (5), and (6) hold and follow from each other. Inequality (1) is due to Heinz [7] and (2) is obtained by Mcintosh [8] to prove (1); its proof is very ingenious. In fact, using (2), he proved that f(a) = \\S\*QS\-a+S\~aQS%\\ is convex on [0, 1] . (3) is a generalization of inequality (4), which was recently proved by Gorach, Porta, and Recht [3] . (5) is nothing but a special case of (4) . (6) can be considered as an extension of (3).
Proof of Theorem 1. We shall show the following implications:
(1) -> (6). By choosing, a = (2m + n)(2m + 2n)~x , Sx = A2m+2n, S2 = B2m+2n and q = a-"TB~" in (1), we obtain (6) by (1).
(6) -(5). Obvious. . We may assume that P*P and RR* are both invertible. Then we get \\P*PQ + QRR*\\ = || \P\ \P\Q\R*\ \R*\~l + \P\~l\P\Q\R*\ \R*\\\ >2\\\P\Q\R*\\\ = 2\\PQR\\.
(2) -► (1). An elegant proof of this implication is shown by Mcintosh in [8] , which is quite similar to one by Pedersen [9] . For the sake of completeness, we cite its proof. We first note that (1) holds true for a = 0, 1. Suppose that 0<p = a-p<a<a+p = X< 1 and that (1) holds true for p and X. Then it follows from (2) The original proof of the Heinz inequality in [7] is based on the complex analysis theory and it requires complicated calculations. Here we give a simplified proof to this inequality.
Proof of (S). Let X # 0, X £ a(T). Then X_£_a(STS-x) c W(STS~X), and so, since X is real, 2X £ 2Re W(STS~X) = W(STS~X +S~XTS). Therefore 2||r|| = 2r(T) < \\STS~X + S~x TS\\, so that the proof of (5) is complete.
Finally we obtain the Heinz inequality (1) by Theorem 1. Remark 1. Using inequality (3), we have the following somewhat interesting inequality:
Hsrs + s-'rs-'H >2||P||, where S is a selfadjoint invertible operator. Remark 2. Corach, Porta, and Recht [2] remarked that if either T = T* or T = -T*, then (4) implies (7) Iisrc_,ll>imi.
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